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conditions under which the tuning rule exhibits robustness with respect to ’
controller parameter perturbations.

Index Terms—Controller robustness, proportional-integral-derivative Il. PRELIMINARY RESULTS

(PID) controllers, stability, tuning rules. The tuning techniques analyzed in this note are based on character-

izing the plant to be controlled by the following transfer function

|. INTRODUCTION 2
” —Ls

1+Ts6

G(s) = @)

Over the last forty years, numerous methods have been developed

for setting the parameters of a proportional-integral-derivative (PID)

controller [1]. Some of these methods are based on characterizing {fiierek is the steady-state gaid, is the apparent time delay, afid

dynamic response of the plant to be controlled with a first-order modgIthe apparent time constant. We will consider the feedback control
system shown in Fig. 1 whereis the command signay, is the output
of the plant,GG(s) given by (1) is the plant to be controlled, a6d s)

Manuscript received Ju|y 25’ 2002’ revised Apr|| 25’ 2003. Recommended Whe COntrO"er. We fOCUS on the case When the Controller iS Of the PID
Associate Editor A. Bemporad. This work was supported in part by the Natiortgipe, i.e., the controller has a proportional term, an integral term and a
Science Foundation under Grant ECS-9903488, in part by the Texas AdVang@#lva“ve term. There are different Ways of represen“ng the PID con-

Technology Program under Grant 000512-0099-1999, and in part by the Na- : . - Lo
tional Cancer Institute under Grant GA 90301 I\t'taol algorithm [1]. In our case, we will use the following representation:

G. J. Silva is with the IBM Server Group, Austin, TX 78758, USA (e-mail: L
guilsilv@us.ibm.com). C(s)=kp+ — + kas
A. Datta and S. P. Bhattacharyya are with the Department of Electrical En- $
gineering, Texas A & M University, College Station, TX 77843-3128 USA i . . . . i .
(e-mail: datta@ee.tamu.edu; bhatt@ee.tamu.edu). wherek,, is the proportional gain; is the integral gain anél, is the
Digital Object Identifier 10.1109/TAC.2003.817008 derivative gain.

0018-9286/03$17.00 © 2003 IEEE



IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 48, NO. 9, SEPTEMBER 2003

1639
y (a)
r + . u T T T T T T T T
A o s 2l T 1
5 T
CONTROLLER PLANT 2ot - b J
ol Tk ine ky= myk; + by )
05 0 05 1 15 2 25 3 35 4
(b)
Fig. 1. Feedback control system. 2 Tk A ]
2ot .
Line ky= m¢k; + by
The following theorem [6] provides an analytical characterizationo 2 T ]
the set of controller parametefts, , k;, k) for which the closed-loop 05 0 05 1 15 2 25 3 35 4
system in Fig. 1 is stable. . ' . r © T T
Theorem 2.1: The range of,, values for which a given open-loop 2} tg.ine kyg=Mok; + bp (w2, T/k) (w1, T/K) i
stable plant, with transfer functiof(s) as in (1), continues to have g (| 2 i
closed-loop stability with a PID controller in the loop is given by ol by Line ky= myk; + b, |
Lk < 2L sinan) — cos(ar) ) 05 0 05 1 15 2 25 5§ 35 4
A p 2 Lal :>1n(c11 cos(a Ki

whereq; is the solution of the equation Fig. 2. Stabilizing region ofk;, k4) for: (@) —(1/k) < k, < (1/k);

T (b) kp = (l/k); and (C)(l/k) < kp < kupp-
B&H(OL’) = —mﬂ' (3) 5
in the interval(0, 7). For k, values outside this range, there are no 45

stabilizing PID controllers. The complete stabilizing region is given by
(see Fig. 2) the following.

1) For eachk, € (—(1/k),(1/k)), the cross section of the stabi- sl

lizing region in the(k;, k) space is the trapezoid T. 3t
2) Fork, = (1/k),the cross-section of the stabilizing region in the 25l
(ki, ka) space is the triangla.
3) For eachk, € ((1/k).kupp := (1/B)(T/L)as sin(c) — 2r
cos(1)]), the cross-section of the stabilizing region in the 15}

(ki:, ka) space is the quadrilateral Q.
In Fig. 2, the parameters ;, b;, andw;, for j = 1,2, are defined as

follows: bl B
A L? 0
m; = p
! Fig. 3. Comparison of, given by the Ziegler-Nichols Method and the upper
A L . T P
b, = — e sin(z;) + T cos(z;) boundk.p.
)
w a Z_;: {sm(;j) + %zj((;os(;jj) + 1)} (4) now define thg parameteras the ratio of.the apparent time delay to
’ the apparent time constant of the plant, i.e.,
wherezy, z2, 22 > z are the solutions of L
T= —.
T

T .
kkp + cos(z) — wzsin(z) = 0 First, we consider the proportional gain value given in (5) and rewrite

. . it as a function ofr
in the interval(0, 7).

1.2
kp = k‘T. (6)

Ill. ZIEGLER-NICHOLS STEP RESPONSEMETHOD

A simple way to determine the parameters of a PID controller basSc'PCEk > 0 andr > 0 (the plan.t Is open-loop stable), thép > .0'
. . . g m Theorem 2.1, we can rewrite the upper bouné,pas a function
on step response data was developed by Ziegler and Nichols in 1 %1

[8]. This method first characterizes the plant by the paramdteasd ofthe parameter
. . 1 .
a, where the parameteris defined as Fupp = |z sin(a1) — cos(avr) @)
L
a = kT- wherea; is now the solution of the equation
. 1
Once these parameters are determined, the PID controller parameters tan(a) = — T a
are then given in terms df anda by the following formulas: ) ) - R
in the interval(0, 7). We now comparé;, andk.,, by plotting &, &
ey = 12 k. = % kg = O'GL_ (5) andk.p,k as functions of the parameterAs can be seen from Fig. 3,
a a a

the proportional gain value given by the Ziegler-Nichols step response
This tuning rule was developed by empirical simulations of many difnethod is always less than the upper bousgl,. Thus, this tuning

ferent systems and is only applicable to open-lstgbleplants. We technique always provides a feasible proportional gain vajuéNe
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Fig. 4. Location of the parametef;, k,) whent > 1.2. Fig. 5. Comparison d.2(kL?/T)x1,0.8(kL?/T)x:, and(kL?/T)k; for
T >1.2.
now setk, = %, and consider two cases, requiring different treatment 1 | Lineky= maki + by
according to the results presented in Section Il. Moreover, for clarity KN — :
of presentation, let us rewrite the parameferandk, in (5) as b, .
{
1
— 06T ksl e .
ki = kL2 (8) ! !
— 0.6T ' ‘
Fa= = 9) 2 : |
' 1~ Line ky= myk;+bq 1
1 '
Case 1: 7 > 1.2. In this case, we have < %, < (1/k). Then 0 X | _
the stabilizing set is given either by Fig. 2(a) or by Fig. 2(b). Notice X |
from (9) that the parametér; is always less tha(i'/ k) as illustrated : E
in Fig. 4. The derivative gain value provided by the Ziegler—Nichols by | |
method is robust in the sense that it is not close to the stability boundary i !
(T/k). Following the same principle, we would like to guarantee that 0 * W, . X; .

the integral gain value is also far away from the stability boundary. Let

z1 be thek;-coordinate of the point where the lihg = &, intersects Fig. 6. Location of the parametefk;, k;) when0 < 7 < 1.2.
the linek; = m, k;+b,. From Fig. 4, we now find the conditions under ‘

which the parametek; lies in the rang€0.2:;, 0.8z ). Following the

same derivation used in [6}; can be expressed as follows wherez; > z; > 0is the solution of

T ) ) ) 1.2+ 7cos(z) — zsin(z) =0
T = mzl[T sin(z1) + z1(cos(z1) + 0.6)] (10)
‘ in the interval(0, 7). By sweepingr in the range(0, 1.2), it can be
wherez, is the solution of shown thai,; < bs. Fig. 6 shows the location éf; with respect to the
stabilizing set in the space 6k, k).
— T . As in the previous case, we will now analyze for which values of
kkp 4 cos(z) — =zsin(z) =0 — . .
L 7, the parametet; lies inside the rangé).2z,0.8z1). As in Case 1,
< 1.2+ 7cos(z) — zsin(z) =0 [using (6)] we can plotthe term&2(kL? /T)a1,0.8(kL? /T)a1, and(kL? /T)k;
versusr. This graph is shown in Fig. 7 fdr < 7 < 1.2. From this
in the interval (0,7). From (8) and (10), we can plot the termsgraphwe see thd liesin the range0.2z,,0.8z1) for0 < 7 < 1.07.
(kL*/T)xy, and(kL?/T)k,; versusr. This graph is shown in Fig. 5 For the relaxed condition whefe lies in the rangg0. L1, 0.821), we
for 7 > 1.2. As can be seen from this graph, does not lie in the have0 < 7 < 1.2.
range(0.2x1,0.8z,) for any value ofr. If we relax our robustness ~From the previous analysis, we conclude that the Ziegler—Nichols
condition and now maké; lie inside the rangé0.1x,,0.8x,), we Step response method gives a controller-robust PID controllér for
see from Fig. 5 that this occurs far2 < 7 < 3. In this way, for 7 < 1.07. Controller robustness is here understood as good parametric
1.2 < 7 < 3,k will be located 10% of:; away from thek,-axis ~ stability margin in the space @k, k).
which corresponds to a godg parametric stability margin. Remark 3.1:1t has been determined empirically [1] that the
Case 2: 0 < 7 < 1.2. In this case, we havl /k) < k, < k.pp. Ziegler—Nichols rule is applicable if.1 < 7 < 0.6. In this range, the
The stabilizing set is given by Fig. 2(c). We now show that the pararélerivative action often gives significant improvement of performance.
eterk, is less tharb, for all 7 < 1.2. From (4),b» can be rewritten as Comparing this range with the one previously obtained for controller
follows: robustness, we see that the former is included in the latter. Thus, for
0.1 < 7 < 0.6, the Ziegler—Nichols step response method not only
T - sin(z2) + cos(z2) gives good performance but also is robust with respect to controller

ba=—7 Z2 parameter perturbations.
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IV. OTHER TUNING TECHNIQUES

The analysis presented in the previous section can be applied to otheDiscretization Behaviors of Equivalent Control Based

PID tuning techniques that are based on first-order models with time Sliding-Mode Control Systems
delays. The main criterion is to ensure first that the controller param-
etersk, andk, are inside the stabilizing set of gain values. Then, the Xinghuo Yu and Guanrong Chen

parametek:; is forced to lie inside an interval located 20%xqf away

from the boundaries of the stabilizing set in ttie, k4) space. Here,

1 represents the maximum stabilizing integral gain value for the fixed Abstract—n this note, discretization behaviors of the equivalent con-
proportional and derivative gains provided by the particular tuning rulfi0! based sliding-mode control (SMC) systems are studied. Some inherent

N ynamical properties of the discretized second-order systems are first ex-
As aresult of this criterion, the range(d/T') values that ensures con-iored. Upper bounds for the system steady states are established. The

troller robustness can be determined for each tuning technique. Theggem's steady-state behaviors are discussed. The analysis for the second-
values are summarized as follows: order systems is then extended to higher order systems. Simulations are
presented to verify the theoretical results.

1 o . J1 : N\ 3 . /] . L ird
Ziegler—Nichols Step Respouse Method : 0 < T < 107 Index Terms—DBiscretization, dynamical behavior, equivalent control,
L sliding-mode control.
Cohen—Coon Method [3] : 0 < 7 < 8.53
L
CHR Method [2] : 0.37 < T I. INTRODUCTION
IMC Design Technique (for A/ = 0.25) [5] : 0.37 < £ Di_screte sliding-mode cor_ltrol (DSMC) has_ been_ extensively
T studied to address some basic problems associated with the SMC of

From this table, we conclude that the Cohen—Coon method givéiscrete-time systems that have relatively low switching frequencies.
resilient PID parameters in the sense of the parametric stability mardfi@jor research efforts in DSMC have been devoted to the develop-
when the plant under study satisfies the propérty (L/T) < 8.53.  ment of various controllers using specific guiding principles [1]-[9].

It is interesting to note that for both the CHR method and the IMElowever, the study of discretizing a continuous-time SMC for digital
Design Technique the same resilience of the PID parameters is obtaimeplementation has not been fully explored.
if the ratio (L/T) is greater than a lower bound, which is 0.37. In the In this note, we study the discretization behaviors of the most
case of the IMC Design Technique, the design variabfe 0 should popular SMC systems—the equivalent control based SMC systems.
be selected properly in order to obtain a PID controller with a goddnlike most existing research on DSMC, our present interest is in
compromise between performance and robustness. Itis commonly e discretization effect on a continuous-time SMC system.
ommended [8] thad/L should be fixed at 0.25, which was the value
used in the above table.
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